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The
Congressional
Apportionment Problem

Determine how many seats in the U.S.
House of Representatives each state gets.




CONGRESSIONAL SEATS

(5555 S0 SO =drsndl]

Inited States:
Census

2010

(US apportionment population = 309,183,463)/435 = 710,767

www.census.gov/2010census/data/apportionment-data.ph

Note: 50 £ h £10306 by constitutional constraints.



http://www.census.gov/2010census/data/apportionment-data.php

The First Census 1790
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The first apportionment
population census.

Source:

Balinski and Young,
Fair Representation,
Second Edition, 2001,
page 158.



Proposals

Your House size:




Proposals

Your House size:

h < 69

h=69 <« current House size 1792
h>69 and h <100

h=100 < nice looking number
100 < h< 105

h=105 < remember this
105<h< 112

h=112 < remember this
112<h<120

h=120 < remember this
h>120 <= unconstitutional




First Apportionment Bills

Census 1790

State Population

CT 236841
DE 55540
GA 70835
KY 68705
MD 278514
MA 475327
NH 141822
NJ 179570
NY 331589

NC 353523
PA 432879
RI 68446
SC 206236
VT 85533
VA 630560
3615920
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XL 3792621 — City of Los Angeles 2010
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determine the state’s quota (fair share of the House).
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state population
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The House Bill

Census 1790 House Bill

State Population @Divisor 30000 Seats Quota h=112

236841

DE 55540
GA 70835
KY 68705
MD 278514
MA 475327
NH 141822
NJ 179570
NY 331589
NC 353523
PA 432879
RI 68446
SC 206236
VT 85533
VA 630560
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Problem

Census 1790 House Bill

State Population @Divisor 30000 Seats Quota h=112

236841
DE 55540
GA 70835
KY 68705
MD 278514
MA 475327
NH 141822
NJ 179570
NY 331589
NC 353523
PA 432879
RI 68446
SC 206236
VT 85533
VA 630560 . . The Quota Rule

3615920 is violated.




The Senate Bill

Census 1790 Senate Bill
State Population Quota h=105

CT 236841

DE 55540

GA 70835

KY 68705

MD 278514

MA 475327

NH 141822

NJ 179570 N

NY 331589 S
NC 353523 Quota Rule
PA 432879 Violation

RI 68446
SC 206236
VT 85533
VA 630560

3615920




Problem

Census 1790 Senate Bill

State Population Divisor 33000 Seats B Quota h=105

236841 Large states are
55540 favored over
70835 small states.
68705

278514

475327

141822

179570

331589

353523
432879
68446
206236
85533
630560
3615920
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]
CcT 236841
DE 55540
GA 70835
KY 68705
MD 278514
MA 475327

NH 141822

NJ 179570
NY 331589
NC 353523
PA 432879
RI 68446
SC 206236
VT 85533
VA 630560

3615920

d =30000 3615920/121 = 29883.6




Hamilton’s Method
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Hamilton’s Method

lmm

236841
55540
70835 £ i 236841
68705 i 3615920
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475327
141822
179570
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3615920

d =30000
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278514
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85533
630560
3615920

120.5307

This became the first
apportionment bill passed
by Congress.

The bill is sent to President
Washington for approval.

Washington vetoes the bill.
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Hamilton’s Method

State __Population Im

236841
55540
70835
68705

278514

475327

141822

179570

331589

353523

432879

Connecticut:
236841/8 = 29605.13

Delaware:
55540/2 = 27770

68446
206236

85533
630560 U.S.:

3615920 3615920/120 = 30,132.66...



Basic Jefferson Method

After Washington’s veto letter of 5 April 1792,
Congress quickly passes the original Senate bill.
Washington signed the bill on 14 April 1792.
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Two Methodologies

e Divisor Methods
— Basic: his the result
— Modified: h is the goal

e Quota Methods

h is the resource

A constituency approach creates seats.
A House size approach distributes seats.
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Basic Jefferson Method

1. Decide on a divisor d (constituency).
2. Calculate each state’s quotient:

quotient = population/divisor
q=p/d
3. The state’s apportionment is the integer

part of g.

The House size is the sum of each state’s apportionment.




First 60 years

» A Basic Divisor Method would be used as the
House apportionment method until 1850.

(g

L)

*

1790: s =15;d =33000 = h =105
1800: s=16;d=33000= h =141
1810: s=17;d=35000= h =181
1820: s=24;d=40000= h =213
1830: s=24;d=47700= h =240
1840: s=26;d =70680= h =223

A I
' House size

divisor (ratio of representation)

L)

S

*%

S

*%

S

*

J/
‘0

L)

S

*%

number of states



Basic Jefferson Method

Problems are discovered as the method is used;
however, defects of the method were evident from
the beginning.




Basic Jefferson Method

Problems are discovered as the method is used;
however, defects of the method were evident from

the beginning.

Jefferson’s method systematically favors larger
states; further, it can violate the Quota Rule.
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1830 Census

Three new methods are proposed to deal with the
decimal part of a state’s quotient.

Jefferson: round down (drop the decimal).
Adams: round up.

Dean: round down or up according to which
option gives a state’s constituency
closest to the divisor.

Webster: round normally.
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James Dean

In 1830 the US population was 11,931,578.
Consider: constituency = 50,000 people.

Vermont’s population: 280,657.
Vermont’s quotient: 280,657/50,000 = 5.613.

At this point, Jefferson apportions 5 seats to Vermont; Adams, 6 seats.

With 5 seats the constituency is 280,657/5 = 56,131.
With 6 seats the constituency is 280,657/6 = 46,776.

A constituency of 46,776 is closer to the target constituency of
50,000; hence, Dean awards Vermont 6 seats.




James Dean

Step 1: Select the constituency, d.

Step 2: Calculate g =p/d and n =int(q).

Step 3: Let the apportionment be either n or n+1,
with n+1 iff p/(n+1) is closer to d than p/n.
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Select the constituency, d.

Calculate g=p/d and n =int(qg).

Let the apportionment be either n or n+1,
with n+1 iff p/(n+1) is closer to d than p/n.
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This is mathematically equivalent to: let the
apportionment be n + 1 iff




James Dean

Step 1: Select the constituency, d.

Step 2: Calculate g =p/d and n =int(q).

Step 3: Let the apportionment be either n or n+1,
with n+1 iff p/(n+1) is closer to d than p/n.

M
” U/
d

n+1

\ 4

S|

This is mathematically equivalent to: let the
apportionmentben+ 1 iff g 2HM(n, n + 1).




Daniel Webster

Step 1: Select the constituency, d.
Step 2: Calculate g =p/d and n =int(q).

Step 3: Let the apportionment be either n or n+1,
with n+l iff g=2n+.5




Daniel Webster

Step 1: Select the constituency, d.

Step 2: Calculate g =p/d and n =int(q).

Step 3: Let the apportionment be either n or n+1,
with n+1 iff g=>n+.5=AM(n,n+1).
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Step 3:

Dean:

Daniel Webster

Select the constituency, d.

Calculate g=p/d and n =int(qg).

Let the apportionment be either n or n+1,
with n+1 iff g > n+.5=AM(n,n+1).

(N
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n+1

\ 4



Step 1:
Step 2:
Step 3:

Dean:

Webster:

Daniel Webster

Select the constituency, d.

Calculate g=p/d and n =int(qg).

Let the apportionment be either n or n+1,
with n+1 iff g > n+.5=AM(n,n+1).

~ D

S|

n+1

\ 4

D

A\ 4



Daniel Webster

Step 1: Select the constituency, d.

Step 2: Calculate g =p/d and n =int(q).

Step 3: Let the apportionment be either n or n+1,
with n+1 iff g > n+.5=AM(n,n+1).

M -
Dean: U -
14 p
d —
n+1 n
Webster: O B >
1 n+1
d p




74

Dean and Webster

Step 1: Select the constituency, d.

Step 2: Calculate g=p/d and n =int(q).

Step 3: Let the apportionment be either n or n+1,
with n+1 if and only if

M g

Dean: N, -
1% q p
n+1 n

Dean: a =n+l < HM(n,n+l1) < q.

n+1
p d p
Webster: a =n+1 & AM(n,n+l)<q.

M
Webster: €
n 1

A\ 4



1830 Census

In 1831 there were four different proposed apportionment methods based
on a given divisor. The difference was in how the method chose to round a
state’s quotient (state’s population divided by the chosen divisor).




1830 Census

In 1831 there were four different proposed apportionment methods based
on a given divisor. The difference was in how the method chose to round a
state’s quotient (state’s population divided by the chosen divisor).

Jefferson: round down (min).

Adams: round up (max).

Dean: round by closest constituency (HM).
Webster: round normally (AM).




In a Round About Way

Census 1810 d =35000
State Population Quotient min AM HM max
CT 261818 7.4805 7 7 8 8
DE 71004 2.0287 P 2 2 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 11 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 6 6 6 7
NJ 241222 6.8921 6 7 7 7
NY 953043 27.2298 vy 27 27 28
NC 487971 13.9420 13 14 14 14
OH 230760 6.5931 6 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 2 2 P 3
SC 336569 9.6163 9 10 10 10
TN 243913 6.9689 6 7 7 7
VT 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24
us 6575234 188.1222 181 188 189 198
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Census 1810 d =35000
State  Population  Quotient min AM HM max
CT 261818 7.4805 7 7 8 8
DE 71004 2.0287 2 2 2 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 11 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 6 6 6 7
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In a Round About Way

Census 1810 d =35000
State Population Quotient Jefferson AM HM max
CT 261818 7.4805 7 7 8 8
DE 71004 2.0287 2 2 2 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 11 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 6 6 6 7
W 241222 6.8921 6 7 7 7
NY 953043 27.2298 27 27 27 28
\[@ 487971 13.9420 13 14 14 14
OH 230760 6.5931 6 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 2 2 2 3
SC 336569 9.6163 9 10 10 10
TN 243913 6.9689 6 7 7 7
VT 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24

us 6575234 188.1222 181 188 189 198



In a Round About Way

Census 1810 d =35000
State  Population = Quotient Jefferson AM HM Adams
cT 261818 7.4805 7 7 8 8
DE 71004 2.0287 2 2 2 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 1l 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 3 6 6 7
NJ 241222 6.8921 3 7 7 7
NY 953043 27.2298 27 27 27 28
NC 487971 13.9420 13 14 14 14
OH 230760 6.5931 3 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 ) p) ) 3
sC 336569 9.6163 9 10 10 10
™ 243913 6.9689 6 7 7 7
VT 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24

us 6575234 188.1222 181 188 189 198



In a Round About Way

Census 1810 d =35000
State  Population Quotient Jefferson Webster HM Adams
cT 261818 7.4805 7 7 8 8
DE 71004 2.0287 2 2 2 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 1l 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 3 6 6 7
NJ 241222 6.8921 3 7 7 7
NY 953043 27.2298 27 27 27 28
NC 487971 13.9420 13 14 14 14
OH 230760 6.5931 3 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 ) p) ) 3
sC 336569 9.6163 9 10 10 10
™ 243913 6.9689 6 7 7 7
VT 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24

us 6575234 188.1222 181 188 189 198



In a Round About Way

Census 1810 d =35000
State  Population Quotient Jefferson Webster Dean Adams

CcT 261818 7.4805 7 7 8 8
D]= 71004 2.0287 2 2 p 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 11 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 6 6 6 7
NJ 241222 6.8921 6 7 7 7
NY 953043 27.2298 vy 27 27 28
NC 487971 13.9420 13 14 14 14
OH 230760 6.5931 6 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 2 2 P 3
SC 336569 9.6163 9 10 10 10
TN 243913 6.9689 6 7 7 7
\2) 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24

us 6575234 188.1222 181 188 189 198



In a Round About Way

Census 1810 d =35000
State  Population Quotient Jefferson Webster Dean Adams

CcT 261818 7.4805 7 7 8 8
D]= 71004 2.0287 2 2 p 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 11 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 6 6 6 7
NJ 241222 6.8921 6 7 7 7
NY 953043 27.2298 vy 27 27 28
NC 487971 13.9420 13 14 14 14
OH 230760 6.5931 6 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 2 2 P 3
SC 336569 9.6163 9 10 10 10
TN 243913 6.9689 6 7 7 7
\2) 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24

us 6575234 188.1222 181 188 189 198



In a Round About Way

Census 1810 d =35000
HM(7,8) = State  Population Quotient Jefferson Webster Dean Adams
7 4666--- N 7 261818 7.4805 v 7 8 8
DE 71004 2.0287 2 ) 2 3
GA 210346 6.0099 6 6 6 7
KY 374287 10.6939 10 11 11 11
MD 335946 9.5985 9 10 10 10
MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 6 6 6 7
NJ 241222 6.8921 6 7 7 7
NY 953043 27.2298 27 27 27 28
e 487971 13.9420 13 14 14 14
OH 230760 6.5931 6 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 ) p) 2 3
SC 336569 9.6163 9 10 10 10
N 243913 6.9689 6 7/ 7 7
VT 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24

us 6575234 188.1222 181 188 189 198



In a Round About Way

Census 1810 d =35000
HM(7,8) = State  Population Quotient Jefferson Webster Dean Adams
2.4666-- Y V' 261818 7.4805 7 7 8 8
DE 71004 2.0287 2 2 ) 3
GA 210346 6.0099 6 6 6 7
261818/7 = KY 374287 10.6939 10 11 1 11
37403; over by MD 335946 9.5985 9 10 10 10
2403. MA 700745 20.0213 20 20 20 21
NH 214460 6.1274 6 6 6 7
261818/8 = NJ 241222 6.8921 6 7 7 7
32727, under by NY 953043 27.2298 27 27 27 28
2273, NC 487971 13.9420 13 14 14 14
OH 230760 6.5931 6 7 7 7
PA 809773 23.1364 23 23 23 24
RI 76931 2.1980 2 2 2 3
e 336569 9.6163 9 10 10 10
N 243913 6.9689 6 7/ 7 7
VT 217895 6.2256 6 6 6 7
VA 817594 23.3598 23 23 23 24

us 188.1222 181 188 189 198

6575234



1830 Census

Politics played the key role in the 1831 apportionment bill. In the
House a divisor of 48,000 was originally considered.

What came out of the House apportionment committee was a bill using
a divisor of 47,700.




1830 Census

Politics played the key role in the 1831 apportionment bill. In the
House a divisor of 48,000 was originally considered.

What came out of the House apportionment committee was a bill using
a divisor of 47,700.

The change of divisor of 48,000 to 47,700 significantly changed the
quotient of three states:

Georgia: 8.954 to 9.011
Kentucky: 12.955 to 13.036
New York: 39.970 to 40.222




1840 Census

The apportionment debate began with the political game:
Divisor! On one day in the 242 member House 59 motions
were made to establish a divisor.

The final apportionment act used a basic divisor method
with d = 70680 and Webster’s method of rounding yielding
h =223, the only time in U.S. history that h decreased as a

result of a census-based re-apportionment.




The Vinton Act

The Vinton Act of 1850 (Representative
Samuel Vinton, Whig-Ohio) was passed
to head off politicizing the census
figures. The idea was to adopt a
permanent appropriation act.




The Vinton Act

The Vinton Act specified a House with 233 seats to be
apportioned by Hamilton’s method.




The Vinton Act

The Vinton Act specified a House with 233 seats to be
apportioned by Hamilton’s method.

But experience exposed problems with the Vinton Act.




Lessons from History

The quota method is subject to
counter-intuitive paradoxes:

» The Alabama Paradox

» The Population Growth Paradox




Alabama Paradox

The Alabama paradox may occur when applying the
Hamilton quota method:

when the number of House seats is increased a given
state’s apportion may decrease.




The Deal Breaker

Results from the 1890 census doomed Hamilton’s Method.

House Size Seats

350 —-382
383 —385
386
MAINE 387 — 388
389 -390
391 -400




Dilemma

A Basic Divisor Method leads to excessive political

gamesmanship like the apportionments based on the
census of 1830 and 1840 showed.

The Hamilton Quota Method leads to unacceptable deal-
breaking paradoxes.

What can Congress do?

to be continued . . .

Homework: Distribution of Resources



